A Scaling Procedure for the Structural and
Interaction Analysis of Dynamic Models

Many techniques that are used for analyzing the structure of large-
scale, interactive systems (including the structural dominance analysis
and singular-value decomposition methods) require a careful scaling of
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input and output variables to yield useful results. A suitable scaling pro-

cedure motivated by physical arguments and aimed at expressing input
and output variables in common terms is presented and illustrated
through several examples, including nonlinear tumped-parameter and

distributed-parameter models.

Introduction

Mathematical models are widely used to design, analyze, and
control industrial processes. Steady state models are very useful
at the design stage, but for the investigation of start-up and con-
trol strategies dynamic models are needed. This work considers
dynamic phenomenological models that are developed for the
purpose of analyzing a system, determining an appropriate con-
trol structure, and designing a robust controller. These phenom-
enological models are obtained through careful modeling of the
process using physical laws and conservation equations.

A model is then a consistent system representation, indicating
the output behavior as a function of inputs and initial condi-
tions:

x =fx,u) x(0) = x
=g(x,u)

)
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Even though the functionalities fand g are highly dependent on
the choice of units for the input, state, and output variables, the
model responses usually can be computed or a controller can be
designed without a scaling of the variables. Recently, however,
several powerful numerical methods of analysis have been pro-
posed for multivariable, interactive systems, e.g., the relative
gain array method (Bristol, 1966; McAvoy, 1983), the compo-
nent cost analysis method (Skelton, 1980; Skelton and Yousuff,
1983), the selective modal analysis method (Perez-Arriaga et
al., 1980, 1981), the structural dominance analysis method
(Litz, 1979; Bonvin and Mellichamp, 1982), and singular-value
decomposition methods (Stewart, 1973; Lau et al., 1985; Lau
and Jensen, 1985). Unfortunately, many of these methods are
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scaling- (or units-) dependent, and therefore can be applied only
if the system model is scaled appropriately. Since the choice of
variable units in developing a model is generally quite arbitrary,
real system models are unsuited for analysis with such methods
unless a scaling that is directly related to the objective of the
analysis technique is applied. In order to overcome the scaling
problem with singular-value decomposition methods, Morari
and Doyle (1986) suggested using structured singular values.
Other approaches consist of optimizing the scaling in such a way
that the condition number is minimized (Prasad, 1984; Palazo-
glu et al., 1985).

Paige (1981) clearly separated the two steps of scaling (based
on the physical properties of the system) and analysis (using
numerical algorithms). The scaling has to be such that the
mathematical problem accurately reflects the sensitivity of the
physical problem. The choice of scaling is best handled by the
engineer abstracting the mathematical model from the physical
system.

This study demonstrates the need for appropriate input and
output variable scaling in connection with both the structural
dominance analysis and singular-value decomposition methods.
Furthermore, a suitable scaling procedure that brings output,
state, and input variables onto a common basis is proposed. The
scaled variables are extensive variables that indicate directly the
amount of a chosen reference quantity present in each system
state variable, or measured by each output variable, or brought
into the system by each input variable. Because of its physical
basis, the technique cannot be used blindly as a tool suitable to
scale every dynamic model. As an example, it is not suited to
scale the state and input variables of a state-space model given
exclusively by the 4, B, and C matrices, i.e., in the absence of
full knowledge of the conservation equations. Rather, it should
be used by the system designer as a way to weight the input and
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output variables of a physical system model before analyzing for
design of the control system, e.g., to condition the system equa-
tions when the goal is to compare input and output variables as
extensive quantities.

The scaling factors depend implicitly on steady state values
and therefore are valid only in the vicinity of an operating point.
Nevertheless, this kind of scaling can greatly increase the appli-
cability of many general methods for analyzing the importance
of input and output variables in physical models. When used in
conjunction with structural dominance analysis and singular-
value decomposition methods, this procedure can provide valu-
able help to:

1. Locate the best measured and manipulated variables

2. Specify a multiloop or multivariable control structure

3. Measure the amount of interaction between various con-
trol loops

4. Investigate the structural characteristics of a large-scale
system

5. Choose the order of a reduced-order model

6. Select the retained states and modes for modal model
reduction and singular perturbation methods, etc.

A Need for Scaling

In the analysis of large-scale systems it often is necessary to
measure the real strength of the input/output couplings through
each mode, as is done with the structural dominance analysis
method (SDA) (Bonvin and Mellichamp, 1982). Such an analy-
sis provides useful information concerning possible controller
structures (e.g., input/output pairings for multiloop control) as
well as the size and structure of reduced-order models. The
method, however, uses a direct numerical comparison of mea-
sures derived for each input and output variable, and thus it is
only meaningful after an appropriate scaling of input and output
variables has made apparent the intrinsic system properties
(Lau and Jensen, 1985).

In formulating classical optimization problems, the use of
objective function terms of the form x"x + u”u presupposes
that the various state and input variables can be compared
directly, and therefore that they are expressed in similar quanti-
ties. The use of weighting matrices, generally incorporated in
these problems, represents an indirect, often fairly subjective
way of scaling the problem.

In applications involving parameter identification, inappro-
priate scaling of the variables may lead to a defective experi-
mental design and, consequently, to highly correlated estimates.
Similarly, in multivariate regression problems, the specific
choice of combinations of the various responses can be crucial to
the validity of the parameter estimates. Finally, the singular-
value decomposition (SVD) method furnishes a powerful tool
for analysis of multivariable control problems and for balanced
model reduction. However, the computed condition number and
total interaction measures (Lau et al., 1985) or the second-order
modes (Moore, 1981) are highly dependent on the problem scal-
ing (Prasad, 1984; Lau and Jensen, 1985; Bonvin, 1986).

Scaling Methods

There are many ways of scaling the input and output vari-
ables in a process model; the choice of a scaling approach
depends highly on the primary use for the scaled model. In this
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work, the goal of the scaling is:

1. To adjust the numerical values of input, state, and output
variables so as to eliminate the arbitrariness associated with the
choice of units

2. To keep the relative strength of input/output couplings

3. To put all of the variables on a common basis so as to facil-
itate comparison between variables of various types

In matrix representation, the original input, state, and output
variables are multiplied by the diagonal matrices W, P and ¥,
respectively: - -

a=Wu
X-Px
y=ry

A scaling with respect to the steady state values is clearly
inadequate since it considers only the variables without their
ranges. Scaling with respect to the range of each variable is cer-
tainly a step in the right direction and has been used extensively
(Ostrach, 1982; McAvoy, 1983; Denn, 1985); its application
yields variables that vary between 0 and 1. The approach, how-
ever, has a major drawback for the goals stated above: it is either
very subjective without a good knowledge of the process, or the
scalings introduce some gain characteristics in an effort to
reduce subjectivity. (It is obvious that “less important” vari-
ables are made numerically equivalent to “more important”
variables after both are scaled with respect to their individual
ranges.) Similarly, scaling with respect to input/output gains
completely eliminates the relative strengths of the various cou-
plings. Even so, it has been used in some structural dominance
studies (Litz, 1979; Litz and Roth, 1981; Gatica et al., 1984.)

Recently, Lau and Jensen (1985) studied the effects that a
scaling of the steady state system matrix has on the results
obtained with SVD; they concluded that a scaling based on
physical considerations by limiting the variability of the system
variables was preferable to more empirical methods such as row
and column equilibration or geometric scaling.

In this study, we propose to put input and output variables on
a common physical basis, thus enabling a direct comparison of
their numerical values and providing information concerning
their sensitivity (outputs) and effectiveness (inputs). The scal-
ing procedure starts by scaling the state variables—choosing the
common basis and determining its relationship to the various
states through consideration of the accumulation terms. Al-
though the approach requires a good knowledge of the process
and of its environment, it is not unduly subjective as are some
other procedures. It is worth emphasizing here the difference
between this proposed scaling procedure and the nondimension-
alizing scaling methods typically found in the literature on pro-
cess modeling (see Denn, 1985, for an excellent treatment of
scaling).

For the latter approaches, the idea of scaling is to obtain
dimensionless variables of order unity. This approach leads to
dimensionless differential equations in which all variables and
their derivatives are of order unity, and to neglecting the terms
with small coefficients. Such an approach permits simplification
of the model, as well as estimation of useful characteristic quan-
tities representing the process that otherwise would require solu-
tion of a differential equation system.

The scaling developed in this study is also aimed at making
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the input and output variables more comparable, but their mag-
nitudes are not necessarily all of order unity. The scaled vari-
ables are extensive quantities. If a variable is associated with a
less important process, its magnitude will be small. The main
goal of the scaling is to facilitate the analysis of the importance
of input and output variables.

The two scaling approaches are in a sense complementary.
The first one facilitates model simplification using physical
arguments; the second-—the proposed method—is best tailored
to reduce the model using mathematical reduction methods.

Proposed Scaling Procedure

Each state variable in a dynamic model is described by a dif-
ferential equation representing the conservation (or balance) of
some physical quantity such as energy, mass, or momentum.
One of these quantities can be chosen as the reference quantity
for the entire dynamic model: it is here denoted by the symbol .
(Depending on the objectives of the investigation, the designer
alternatively could choose another reference quantity, most
likely of the extensive type.) The idea behind this scaling
approach is to express state, input, and output variables in terms
of the quantity = using physical arguments.

Basis for state variable scaling

For each state equation, the accumulation term is reexpressed
in terms of an accumulation of the common variable = by
defining an appropriate equivalence factor. For example, a
holdup (number of moles) can be related to an energy through
use of a potential energy factor such as the heat of reaction or a
heat of vaporization. This step requires a good insight into the
physics of the process. Each state equation is then multiplied
throughout by its appropriate equivalence factor. The state scal-
ing factor p, for the sth state equation relates accumulation of a
particular state quantity x, to an accumulation of . The numer-
ical values of x, and p, depend on the choice of units for x,,
whereas the numerical value of the scaled state variable, X,, does
not.

Basis for input scaling

Once each dynamic equation has been expressed as an ad hoc
balance of the reference quantity w, each term involving an
input indicates a flow of the quantity « into or out of the system.
The scaling factor wy; for the ith input in the sth equation is
simply the multiplicative term relating u; to the corresponding
flow of 7. Again, the numerical values of u, and w,; depend on
the choice of units for #; {but not on the choice of units for x;
since the state variables have already been scaled in terms of «).
More importantly, the scaled input #; is independent of the
choice of units for u;. Since each equation may produce a sepa-
rate scaling for any given input, we propose to define the scaling
factor for that input as the maximum of the absolute values of
the individual factors rather than as a value weighted over the
various state equations.

Basis for output scaling

With the state variables expressed in terms of 7, each output
equation indicates the amount of information, in terms of m,
observed through the corresponding output. The scaling factor
1/v,, for the oth output is simply the multiplicative term relat-
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ing y, to the amount of w-information contained in %,. While the
values of y, and v,, depend on the choice of units for y,, the
scaled output y, is independent of that choice of units. Since
each output equation may contain contributions from several
state variables, the scaling factor for the output is chosen as the
maximum of the absolute values of the individual factors.

Procedure

For the n-dimensional dynamic system with an r-dimensional
input vector and m-dimensional output vector
X =[x u)

x(0) = X (0

¥y =g 2
the scaling procedure consists of three steps:

1. Consider the n conservation equations and choose the con-
served quantity with the highest level of information as the ref-
erence quantity « (usually the ordering would be energy before
mass, component mass before overall mass, etc.). As mentioned
above, other choices are also possible. Define equivalence fac-
tors relating each quantity to = and multiply each equation
throughout by the appropriate equivalence factor.

Express the accumulation of each state variable x; (s =
1,...n) as an accumulation of #, defining the state scaling fac-
tors p;.

Scale the state variables accordingly:

m=%-Px 3
with
P — diag ip ps>0 4)
After state variable scaling, Eqs. 1 and 2 read:
=% = f(% ) (5)
Y=g (6)
or for the sth state variable and ith input:
g = fa(% ) ()
and for the sth state variable and oth output:
Yos = Bos (X)) (®)

2. Relate changes in u; to changes in the flow of 7 into the
subsystem associated with state s by evaluating the input scaling
factor

o

ou; |ss

Wi

©)

where ss indicates that the expression is evaluated at steady
state. Define the input scaling factorw;(i = 1,...,7)

(10)

w, = max {]wg |
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with
W~ diag fwl w,;>0 (11)

3. Relate changes in y, to changes in %, (i.e., in the observed
flow of information, again in terms of «):

1 a2
Uy ;: s (12)
Define the output scaling factors v,(0 =1, ..., m)
v, = max {|o,|} (13)
with
V = diag v} ©v,>0 (14)

The effects of scaling can be summarized as follows:

® A unit change in a scaled state variable corresponds to a
unit change in the reference quantity.

e A unit change in a scaled input brings one additional unit of
the reference quantity into the strongest state variable.

e A unit change in the scale output contains one unit of the
reference quantity as information concerning the strongest state
variable.

e There is no need with this procedure to rescale the indepen-
dent variable time. This feature is certainly desirable because it
leaves the eigenvalues of the system model unchanged.

Further, note that the procedure is limited to dynamic models
since it requires the accumulation terms to determine the equiv-
alence factors for the state variables.

Application Examples
Example 1

Two continuous stirred-tank reactors (CSTR’s) in series,
with a first-order exothermic reaction, jacket or coil cooling, and
a by-pass around the second reactor are shown in Figure 1.

The conservation equations for the reaction system are:

Component balances, gmol/s

dc
v -d_tl =q(ci — ¢) — Vikoe /%71, (15)
dcz —E/RT;
sz =aq(e, — ¢;) — Vikee iy (16)
Energy balances, J/s

dr,
Vine, = = qpey (T = T0) + (= AHYV ko %Tic,

+ (UA(T, - T) (17)

daT.
VzPCp*‘;t—z = aqpe, (T ~ Ty) + (—AH)Vokoe #/%Tic,

+ (UA)(T, — T;) (18)
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Figure 1. Two CSTR’s in series.

The model involves the conservation of two physical quantities
(number of moles of key component and energy), four state vari-
ables (c,, ¢,, T}, T), and six input variables (g, T}, ¢;, T.y, T.,, ).
It is assumed that the four state variables are measurable but
that the four sensors provide differing units:

Cim(gmol /L) = ¢, (19)
¢2m (gmol/m’) = 1,000 ¢, (20)
Tim(°C) = T, @1
Tom(°F) = 1.8 T, (22)

Following the procedure given above, energy is chosen as the
reference quantity =, and Eqs. 15 and 16 are multiplied
throughout by the equivalence factor (—AH). The accumula-
tion of each state variable is then expressed as an accumulation
of = as follows:

= (~AH)Vé, (23)
ity = (—AH)Vyé, (24)
7ty = Vipe, T (25)
7 = Vapc, T (26)

Concentration and temperature changes are then related to
changes in energy through the following state variable scaling
factors:

p"l = Vl(_AH) pcz = VZ(_AH)

Pr, = lecp Pr, = Vzpc,

By considering the input variables in the scaled, dynamic equa-
tions, the following input scaling factors are obtained:

w, = max {|(—AH)(E, — &), [(~AH)a(E, — &),
Noey (i — T, lape, (T, ~ Tl

wr, = gpc, Wr, = (vA4),

w,, = [(~AH)G| wr, = (UA),

w, = max {|(—AH)g (@ — &), [gec, (T, — T}

where a bar over a variable indicates its steady state value.
Similarly, by considering the output variables in the scaled
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output equations, the output scaling factors are:

Vo2(—AH)

[ IVI(_AH)l 1.000

Cm

Vipc,

Ury, = lecp 18

Uy, =

The model given by Eqs. 15-18 was evaluated numerically
using the reactor data given in the Appendix. The plant, input,
and output matrices for the original and scaled, linearized sys-
tems, as well as the scaling matrices, are also given in the
Appendix. Note that the columns ofé and rows of_C‘_ have been
normalized such that the absolute value of the largest element
equals one.

Structural dominance analysis (Bonvin and Mellichamp,
1982) was used to analyze the internal model structure. The
dominance elements shown in Table 1 were computed without
mode weighting and then were normalized with respect to the
largest element in the table. Hence, the elements in the table can
be interpreted as relative energetic changes in the output or
state variables caused by unit energetic changes in the inputs.
The mode most strongly associated with an input/output path is
also given in parentheses. The eigenvalues for the system are

A = —1.21%1073
=~ —~2.28*10°°
Mg = —1.10%1072 + 2.8%10°%

>
M
[

This analysis shows that, as expected, T\,, and c,,, represent the
most energetic outputs; T, ¢;, and T, are the most energetic
inputs; modes 1 and 2 are the most important: the input g is
strongest through mode 2, whereas T, ¢;, and T, affect both
modes | and 2. The second reactor is most excited by the inputs
T., and « through the complex modes 3 and 4. [n an attempt to
control the four outputs, one would most likely choose the fol-
lowing pairings: T,/ T; of T1p/ Tty Clia/ Gy Tom/ Tear and 5,/ cx.

Clearly, the results would have been different without a
meaningful scaling since, for example, the simple fact of
expressing the volume in m® rather than in L would change some
of the dominance elements by a factor of 1073 or 10° while leav-
ing the others unchanged. Obviously, structural dominance
analysis cannot be used effectively without appropriate input
and output scaling.

The reaction system was then analyzed using the singular-
value decomposition (SVD) method as proposed by Lau et al.
(1985). The condition number of the original static gain matrix
G = —CA™' B is 39,240. The nodal decomposition is totally

Table 1.  Structural Dominance Analysis for Example 1
(scaled)
Inputs

Outputs  ¢(2) Ti(1) G Ta(l) To(3,4) a(3,4)

Cim 029 -0.25 0.09(2) -0.25 0.0 0.0

Com 0.003 -0.002 0.0004(2) -0.002 -0.005 0.07

T.. —0.13 1.0 0.66(1) 1.0 00 00

Tom —0.008 0.009 0.007(1) 0.009 0.08  0.003
254 February 1987

uninformative with respect to the amount of physical interaction
that is present between input and output variables. The follow-
ing pairings are suggested: ¢y,/a, Tam/c; Tin/q, and ¢y, /T,
which is physically meaningless. The largest singular value is
associated with ¢, /a—mainly because c,,, (expressed in gmol/
m’) has the largest numerical value and not because the cou-
pling ¢,,,/a is dominant in the system.

Since it is well known that the SVD is highly dependent on the
choice of units, the scaled gain matrix Q = —Q" E =VG
W' with a condition number of 22.6 was then analyzed. Nodal
decomposition suggests the following output/input pairings:
Tim/ T o Tin/Teoy Cim/qs Cam/a, and T, /T,,. These results
agree entirely with those obtained using structural dominance
analysis.

A complete mathematical conditioning of the model, obtained
through row and column equilibration of the steady state gain
matrix, produced a condition number of 2.5. However, with the
new system model it is impossible to distinguish important from
unimportani variables because the normalization has put them
all on a numerically (more or less) similar basis. Thus, the larg-
est singular value, for example, would point equally to any of the
24 possible pairings.

This example clearly demonstrates that for the purpose of
analyzing input and output variables, an appropriate scaling is
indeed needed. Furthermore, a purely mathematical condi-
tioning may subvert the intended purpose if it eliminates the
intrinsic strength of inputs and outputs. The proposed physically
based scaling procedure will now be briefly demonstrated with
two other examples.

Example 2

A mixing tank with a hot and a cold stream and with variable
volume is depicted in Figure 2.
The conservation equations for the mixing system are:

Mass balance, g/s

av

— =+ 4. — 27

i R (27)
Energy balance, J/s
T

Vpcp E‘ - thp(Th - T) + qccp(Tc - T) (28)

The model involves the conservation of two physical quantities
(mass and energy), two state variables (V and T), which are

a, e

\ T 9

——

T

Figure 2. Mixing tank with variable volume.
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both measured, and five inputs (g;, 4., ¢, Ty, T.). After choosing
energy as the reference quantity, we need to muitiply Eq. 27 by
an equivalence factor. However, since there is no reaction
involved in this system, a potential energy factor of the form
(—AH) is not appropriate. Rather, we define a weighted (c,AT)
term of dimension J/g:

\Gsc,(Ty — T + 1q.c,(T, — T + |§c,(T — T)|
13, + |g.| + |gl

c, AT &

- %c,,(i —T) (29)

Note that this definition is not valid in the trivial case T, = T, =
T. The individual scaling factors are easily deduced:

pr=vv = p(eAT) = p 2 e(T = T)

Pr="9Yr= I7pcp
w,, = max {|¢,AT|, [, (T, — T)|} = ep(Th — T)
th= max“("pATlvlcp(i - T)“ :%Cp(ﬁ - T)

w, = | —¢,AT]| =%—hcp(7_",, -7

Wr, = thp
WTr = accp
Example 3

An adiabatic packed-bed tubular reactor is shown in
Figure 3.

The conservation equations for this distributed-parameter
reaction system are:

Component balance, gmol/s

0 9
Ve a‘j = —Vev a—z — VeR(c, T) (30)

Energy balance for the gas phase, J/s

G_T
a9z
+ ha(T, — T) + Ve(—AH)R(c, T) (31)

aT
Vepc, — = — Vevpc
4 at 14

Energy balance for the solid phase, J/s

oT,

V(l - 6)pscps ﬁ = ha(T - Ts) (32)
q
G
—_]-_-——> E————

i
EE—
z L
0

Figure 3. Adiabatic packed-bed tubular reactor.
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The system has boundary conditions

at z=0: c=c¢(t) T="T) (33)

The model involves the conservation of two physical quantities
(number of moles of key component and energy), three states or
measured outputs (¢, T, T,), and three inputs (g, ¢;, T;). Note
that the mass flow rate g is related to v as

q = pAev (kg/s) (34)

where A is the cross-sectional area of the reactor. Again, energy
can be chosen as reference quantity and Eq. 30 multiplied
throughout by (—AH).
The state and output scaling factors are straightforward:
D=0 = VG(—AH)
Pr = vy = Vepe,
pTJ = vTJ = V(l - 6)pscp.r
Input scaling requires that a distinction be made between the
local or global action of each input:

e The input q acts globally on the reactor. From Eqgs. 30 and
34 one can write:

(35)

’

Vi aT
—Vepe, (E)ﬂ (36a)

One way to eliminate the spatial dependency of w, is through the
approximations:

w,(z) = max{ — (—AH)Ve (?ﬁ)
dz 55

dc Conin — G
—] = "—— forareactant
((92>s5 L

aT Tmax - 7—‘1 . .
— 1 =~ ———— for an exothermic reaction
0z s L

and Eq. 36 becomes

Conin — €.
. —AHV min i
( We—F—

s

W, = max[

Tovar = T" (36b)

’ _ Vepcp "“"‘T

e The input ¢; acts through the first term on the righthand
side of Eq. 30. Its scaling factor is:

Vev 1
W, - ’ ~(-aH) | - ‘ ~(~AH) -G ’ (37)
i L p
and similarly for T,
Vevpce _
Wr, = l - L £ =‘_qcp' (38)
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T, = 34.1°C T, = 34.3°C

7_::1 = —cZ =10°C
Notation

A = cross-sectional area
A = plant matrix

= input matrix

= concentration

= heat capacity

= output matrix Original A-, B-, and C-matrices
= activation energy

= function, Eq. 1 _3

= function, Eq. 2 —-3.18 x 10 0

= static gain matrix 1.0 x 102 —1.22 x 10-2
reaction enthalpy
= heat transfer coefficient times area 5.45 x 1072 0

= preexponential factor .
= reactor length 0 5.5 x 10
= number of outputs
= number of states _s

= diagonal state scaling matrix —3.26 x 10 0

= flow rate 0 —2.69 x 107
= number of inputs

= reaction rate, universal gas constant ~3.10 x 10~ 0

= time

= temperature 1.0 x 1072 -9.83 x 107?
= input vector

= heat transfer coefficient times effective arca

= gas velocity 6.86 x 107* 0 1.0 x 1072

= reactor volume

= diagonal output scaling matrix 5.7 x 1074 0 0

=di input scaling matrix

= diagonal inp & 141 x 107 1.0 x 10 0

= output vector 2 x 10—3 0 0
z = reactor axial coordinate

k,=5000s"" E/R =4500K
(UA), = 500 W/°C  (UA), = 20 W/°C

(RN
1

(1>~

|
S B
re il Sliw e D Na Dyalvx TR TNQo0 < WIOD aln

Greek letters 0 0 o
« = fraction of flow out of reactor 1 going into reactor 2 3
¢ = packed bed void fraction 0 0 5.7 x 10

A = eigenvalue 1.25 x 107* 0 0
p = density '
« = chosen reference quantity 0 5x107% -2x 107

Superscripts

T = transposed vector or matrix 1 0
— = steady state value
" = scaled quantity 0 1,000

Subscripts

(= ™ I =]
o

¢ = cold

h = hot 0 0
i = input, inlet

m = measured quantity

0 = output Scaled A-, B-, and C-matrices
s = state, solid phase

¢ = steady state value

1 = reactor 1 -3.18 x 1073 0

2 = reactor 2
1.0 x 10~* —122x 107
2.18 x 1073 0
0 2.2 x 107°

3

(BN
il

Appendix
Numerical data used in example 1

V,-1,000L ¥,-10L
~8.15x 107* 0
0 —6.73 x 107*
p¢, = 4,000 J/L°C  (—AH) = 10° J/gmol ~3.10 x 107* 0
1.0 x 107* -9.83 x 107}

g=1L/s a=0.1

¢;=1gmol/L ¢, =0.314 gmol/L
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1.0 0 1.0 0 © 0
. 831x10 0 ©0 O 0 1.0
E=1 082 10 0 10 o0 0
-1.17x10°* 0 0 0 10 -0.140
1 000
o 01 00
= 10010
0 0 01
P - diag {10%, 105, 4 x 10°, 4 x 10%
W - diag {6.86 x 10% 4,000, 10%, 500, 20, 5.7 x 10°}
¥ - diag {10%, 10°, 4 x 10, 2.22 x 10%}
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